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Velocity - Force Transformations
Coordinate transformation: velocity and forces.
Homogeneous transformation matrix 0T1: given the position of a point p in FF1,
computation of the equivalente description in FF0
0p = 0T1
1p
We need similar mathematical tools for the coordinate transformation of velocity
and forces vectors acting on a rigid body.
Linear and rotational velocity vectors of a point in a rigid body:
v =

 vxvy
vz

 ω =

 ωxωy
ωz


Force and torque vectors applied to the rigid body:
f =

 fxfy
fz

 n =

 nxny
nz


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Velocity - Force Transformations
Coordinate transformation: velocity and forces
Let us define the 6-dimensional vectors
t =
[
v
ω
]
Twist
w =
[
f
n
]
Wrench
giving the velocity and the set of forces applied to the rigid body.
These are “specialization” for the velocity and force case of the geometric concept
of screw, a vector with 6 components: three rotational (rotational velocities or
torques) and three linear (linear velocities or forces) components:
the four vectors v,ω, f, n ∈ IR3 have homogeneous dimensions ([m/s],
[rad/s], [N], [N/m]);
not true for the two vectors t,w ∈ IR6.
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Velocity - Force Transformations
Coordinate transformation: velocity and forces
PROBLEM:
Given the velocity of a point p1 of a rigid body with respect to the inertial frame
FF0, expressed in a given reference frame FF1, that is
1t01 Velocity of point p1 with respect to FF0 and expressed in FF1
we want to know the velocity of point p1 expressed in FF0, not belonging to the
rigid body
0t01 Velocity of point p1 with respect to FF0 and expressed in FF0
We will consider also the similar prob-
lem in the force domain: 1w1 →
0w1
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Velocity - Force Transformations
Coordinate transformation: velocity and forces
If the second reference frame (FF0) is not connected to the rigid body, it is
sufficient to consider the relative rotation between FF1 and FF0:

0t01 =
[
0R1 0
0 0R1
]
1t01 =
0G1
1t01
0w1 =
[
0R1 0
0 0R1
]
1w1 =
0G1
1w1
0R1: rotation matrix between FF1
and FF0
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Velocity - Force Transformations
Example
Let
T =


0 −1 0 −5
1 0 0 2
0 0 1 0
0 0 0 1


The velocity vector is defined in FF1
1t01 = [1, 0, 0, 0, 0, 0]
T
Compute the equivalent 0t01 in FF0.
Then
0G1 =
[
0R1 0
0 0R1
]
=


0 −1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 0 1


Finally
0t01 =
0G1
1t01 = [0, 1, 0, 0, 0, 0]
T
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Velocity - Force Transformations
Velocity
PROBLEM:
Given the velocity of a point p1 of a rigid body with respect to the inertial frame
FF0, expressed in a given reference frame, that is
1t01 Velocity of point p1 with respect to FF0 and expressed in FF1
we want to know the velocity of another point p2 of the body expressed in
another reference frame,
2t02 Velocity of point p2 with respect to FF0 and expressed in FF2
We will consider also the similar prob-
lem in the force domain.
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Velocity - Force Transformations
Velocity
SOLUTION:
2t02 =
2G1
1t01 =⇒
[
2v02
2
ω02
]
=
[
2R1 −
2R1
1P12
0 2R1
] [
1v01
1
ω01
]
2R1 is the rotation matrix from FF1 to FF2
1P12 is a 3× 3 skew-symmetric matrix, such that
1p12 × a =
1P12 a
being 1p12 the displacement of FF2 wrt FF1, expressed in FF1.
Note that matrix 2G1 does not depend on FF0.
Given 1p12 = [px py pz ]
T , then
1P12 =

 0 −pz pypz 0 −px
−py px 0


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Velocity - Force Transformations
Force
SOLUTION:
2w2 =
2G−T1
1w1 =⇒
[
2f2
2n2
]
=
[
2R1 0
−
2R1
1P12
2R1
] [
1f1
1n1
]
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Velocity - Force Transformations
Velocity
In order to understand the problem ... let consider a rigid body moving with a
linear velocity v:
y0
z0
x0
F0
vp1
For an observer in F0, the body has the velocity
0v01 =

 0v
0


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Velocity - Force Transformations
Velocity
y0
z0
x0
F0
z1
y1
x1
vp1
For an observer in F1, the velocity of p1 with respect to F0 is:
1v01 =

 00
−v


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Velocity - Force Transformations
Velocity
y0
z0
x0
F0
x2
z2
y2
v
p2
For an observer in F2, the velocity of p2 with respect to F0 is:
2v02 =

 v0
0


C. Melchiorri (DEI) Ridig Body Motion – Homogeneous Transformations 14 / 35
Velocity - Force Transformations
Velocity
y0
z0
x0
F0
x2
z2
y2
v
p2 v
p1
If the body moves with a linear ve-
locity only, then all the velocities
0v0p are equal, and the transforma-
tion between two generic velocities
iv0i and
jvoj is only expressed by the
rotation between Fi and Fj .
1
v01 =
1
R2
2
v02
=
[
0 −1 0
0 0 1
−1 0 0
][
v
0
0
]
For an observer in F2, the velocity of p2 with respect to F0 is:
2v02 =

 v0
0


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Velocity - Force Transformations
Velocity
Given:
FF0 = base frame, FF1 and FF2
fixed in a rigid body in motion
with respect to FF0.
The equations relating the linear and rotational velocities (with respect to FF0) of
FF1 and FF2, expressed in FF0, are
0v02 =
0v01 +
0
ω01 ×
0p12
= 0v01 +
0
ω01 ×
0R1
1p12
0
ω02 =
0
ω01
0v02 and
0
ω02 are the linear and rotational
velocities of the origin of FF2 with respect
to FF0, 0v01 and
0
ω01 the linear and rota-
tional velocities of the origin of FF1 wrt to
FF0, 1p12 the position of the origin of FF2
wrt FF1, expressed in FF1, 0R1 the rotation
matrix between FF0 and FF1.
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Velocity - Force Transformations
Velocity
We want to express in matrix form the two equations
0v02 =
0v01 +
0
ω01 ×
0R1
1p12
0
ω02 =
0
ω01
Then
0
ω01 ×
0R1
1p12 = −
0R1
1p12 ×
0
ω01
= − 0p12 ×
0
ω01
= − 0P12
0
ω01
and therefore [
0v02
0
ω02
]
=
[
I − 0P12
0 I
] [
0v01
0
ω01
]
C. Melchiorri (DEI) Ridig Body Motion – Homogeneous Transformations 17 / 35
Velocity - Force Transformations
Velocity
We have: [
0v02
0
ω02
]
=
[
I − 0P12
0 I
] [
0v01
0
ω01
]
where 0P12 is a 3× 3 skew-symmetric matrix, such that
0p12 × a =
0P12 a
Given 0p12 = [px py pz ]
T , then
0P12 =

 0 −pz pypz 0 −px
−py px 0


Note that 0PT12 = −
0P12.
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Velocity - Force Transformations
Velocity
From the equations
0v02 =
0R2
2v02
0
ω02 =
0R2
2
ω02
0v01 =
0R1
1v01
0
ω01 =
0R1
1
ω01
we finally have
[
2v02
2
ω02
]
=
[
2R1 −
2R1
1P12
0 2R1
] [
1v01
1
ω01
]
therefore
2t02 =
2G1
1t01
Note that matrix 2G1 does not depend on FF0.
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Velocity - Force Transformations
Proof
As a matter of fact:


0t02 =
[
0R2 0
0 0R2
]
2t02
0t01 =
[
0R1 0
0 0R1
]
1t01
From the previous result:
0t02 =
[
I −0P12
0 I
]
0t01
=
[
I −0R1
1P12
0 I
]
0t01
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Velocity - Force Transformations
Proof
Then:
[
0R2 0
0 0R2
]
2t02 =
[
I −0R1
1P12
0 I
] [
0R1 0
0 0R1
]
1t01
2t02 =
[
2R0 0
0 2R0
] [
I −0R1
1P12
0 I
] [
0R1 0
0 0R1
]
1t01
=
[
2R1 −
2R0
0R1
1P12
0R1
0 2R1
]
1t01
but:
−
2R0
0R1
1P12
0R1
1
ω01 = −
2R0
(
0R1
1p12
)
×
(
0R1
1
ω01
)
= −2R0
0R1
(
1p12 ×
1
ω01
)
= −2R1
1P12
1
ω01
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Velocity - Force Transformations
Force
Similarly to the velocity case, it is possible to prove that in the force domain we
have the following result:
[
1f1
1n1
]
=
[
1R2 0
1P12
1R2
1R2
] [
2f2
2n2
]
that is
1w1 =
2GT1
2w2
and finally
2w2 =
2G−T1
1w1
Notice that matrix 2G1 relates the velocities in FF1 with those in FF2, while its
transpose 2GT1 relates forces in FF2 to forces in FF1.
C. Melchiorri (DEI) Ridig Body Motion – Homogeneous Transformations 22 / 35
Velocity - Force Transformations
Force
Note that:
2G1 =
[
2R1 −
2R1
1P12
0 2R1
]
=⇒ 2t02 =
2G1
1t01
2GT1 =
[
1R2 0
1P12
1R2
1R2
]
=⇒ 1w1 =
2GT1
2w2
2G−T1 =
[
2R1 0
−
2R1
1P12
2R1
]
=⇒ 2w2 =
2G−T1
1w1 =
1GT2
1w1
and:
−
2R1
1P12 =
(
1P12
1R2
)T
C. Melchiorri (DEI) Ridig Body Motion – Homogeneous Transformations 23 / 35
Velocity - Force Transformations
Force
Comment:
IF 2t02 =
2G1
1t01
THEN 2w2 =
2G−T1
1w1
1 Given a velocity and a force vector, defined in two different “spaces” IRa and
IRb: (va, vb) and (fa, fb)
2 Physically, since vT · f = cost (the work is independent on the
representation) the following equation must hold :
vTa · fa = v
T
b · fb = cost
3 If a relationships between va and vb exists such that
va = Avb
then, it must be also
fa = A
−T fb
As a matter of fact
vTa · fa = (v
T
b A
T )A−T · fb = v
T
b · fb = cost
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Velocity - Force Transformations
Example 1
Given the reference frame FF1 defined by
0
T1 =


0 0 1 10
1 0 0 5
0 1 0 0
0 0 0 1

 = [ 0R1 0p010 0 0 1
]
y0
z0
x0 x1
y1
z1
fx = 10
ny = 100
If the generalized force vector 0w = [10, 0, 0, 0, 100, 0]T is applied in FF0,
compute the equivalent expression 1w in FF1.
In this case, 1p12 =
0p01 = [10, 5, 0] and then
0P01 =

 0 0 50 0 −10
−5 10 0

 e 1R2 = 0R1 =

 0 0 11 0 0
0 1 0


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Velocity - Force Transformations
Example 1
Then
1
G
T
0 =
[
0R1 0
0P01
0R1
0R1
]
=


0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 5 0 0 0 1
0 −10 0 1 0 0
10 0 −5 0 1 0


and
1
G
−T
0
=
0
G
T
1 =


0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 10 0 1 0
5 −10 0 0 0 1
0 0 −5 1 0 0


Finally
1w = 1G−T0
0w = [0, 0, 10, 100, 50, 0]T
z0
x0 x1
y1
z1
fx = 10
ny = 100
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Velocity - Force Transformations
Example 2
Consider FF0 fixed wrt the body
Assume
T =


0 −1 0 −5
1 0 0 2
0 0 1 0
0 0 0 1


the velocity vector is defined in FF1
1t01 = [1, 0, 0, 0, 0, 0]
T
Compute the equivalent 0t01 in FF0.
In this case, 1p12 =
1p10 = [−2,−5, 0] e quindi
1P10 =

 0 0 −50 0 2
5 −2 0

 e 1R2 = 0R1 =

 0 −1 01 0 0
0 0 1


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Velocity - Force Transformations
Example 2
Then
0
G1 =
[
0R1 −
0R1
1P10
0 0R1
]
=


0 −1 0 0 0 2
1 0 0 0 0 5
0 0 1 −5 2 0
0 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 0 1


Finally
0t01 =
0G1
1t01 = [0, 1, 0, 0, 0, 0]
T
With
1t01 = [1, 0, 0, 1, 0, 0]
T
we obtain
0t01 =
0G1
1t01 = [0, 1,−5, 0, 1, 0]
T
Consider FF0 fixed wrt the body
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Velocity - Force Transformations
Example 3
y0
z0
x0
z1
y1
x1
v
ω
1v01 =

 00
−2

 1ω01 =

 03
0


0T1 =


1 0 0 1
0 0 −1 3
0 1 0 2
0 0 0 1

 =
[
0R1
0p1
0 0 0 1
]
Given 1t01 =⇒ , compute
0t01.
In this case, point 0 does not belong to the rigid body and then
0
t01 =
[
0R1 0
0 0R1
]
1
t01 =


1 0 0 0 0 0
0 0 −1 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 −1
0 0 0 0 1 0




0
0
−2
0
3
0

 =


0
2
0
0
0
3

 =


0v01
0
ω01


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Velocity - Force Transformations
Example 3
As a matter of fact:
0v01 =

 02
0

 =⇒ si muove lungo y0
0
ω01 =

 00
3

 =⇒ ruota attorno a z0
y0
z0
x0
z1
y1
x1
v
ω
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Velocity - Force Transformations
Example 4
y0
z0
x0
z1
y1
x1
v
ω
y2
z2
x2
v
ω
1v01 =

 00
−2

 1ω01 =

 03
0


2T1 =


1 0 0 −1
0 0 −1 0
0 1 0 1
0 0 0 1

 =
[
2R1
2p1
0 0 0 1
]
Given 1t01 =⇒ compute
2t02.
In this case, point “2” belongs to the rigid body and therefore it is necessary to
use the transformation matrix
2G1 =
[
2R1 −
2R1
1P12
0 2R1
]
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Velocity - Force Transformations
Example 4
We have that:
2
R1 =

 1 0 00 0 −1
0 1 0

 1p12 = −1R2 2p21 = −

 1 0 00 0 1
0 −1 0



 −10
1

 =

 1
−1
0


1
P12 =

 0 0 −10 0 −1
1 1 0

 2R1 1P12 =

 0 0 −1
−1 −1 0
0 0 −1


Therefore
2
t02 =


1 0 0 0 0 1
0 0 −1 1 1 0
0 1 0 0 0 1
0 0 0 1 0 0
0 0 0 0 0 −1
0 0 0 0 1 0




0
0
−2
0
3
0

 =


0
5
0
0
0
3


z0
x0
z1
y1
x1
v
ω
y2
z2
x2
v
ω
C. Melchiorri (DEI) Ridig Body Motion – Homogeneous Transformations 32 / 35
Velocity - Force Transformations
Example 4
Obviously:
0
t01 =
[
0R1 0
0 0R1
]
1
t01
0
t02 =
[
0R2 0
0 0R2
]
2
t02 (
0
R2 = I)
y0
z0
x0
z1
y1
x1
v
ω
y2
z2
x2
v
ω
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Velocity - Force Transformations
Example 5: F2 coincides with F0
y0
z0
x0
v
ω
z1
y1
x1
v
ω
1v01 =

 00
−2

 1ω01 =

 03
0


0T1 =


1 0 0 1
0 0 −1 3
0 1 0 2
0 0 0 1

 =
[
0R1
0p1
0 0 0 1
]
In this case, point “0” belongs to the rigid body and then it is not sufficient to
consider only the rotation of the linear/rotational velocity vectors.
0
t0 =
[
0R1 −
0R1
1P10
0 0R1
]
1
t01 =


1 0 0 0 3 2
0 0 −1 2 −1 0
0 1 0 −3 0 −1
0 0 0 1 0 0
0 0 0 0 0 −1
0 0 0 0 1 0




0
0
−2
0
3
0

 =


9
−1
0
0
0
3


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Velocity - Force Transformations
Example 5: F2 coincides with F0
Note that:
1p10 = −
1R0
0p01 = −

 1 0 00 0 1
0 −1 0



 13
2

 =

 −1−2
3


da cui
−
0R1
1P10 = −

 1 0 00 0 −1
0 1 0



 0 −3 −23 0 1
2 −1 0

 =

 0 3 22 −1 0
−3 0 −1


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